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Spin electron acoustic soliton: Separate spin evolution of electrons with exchange
interaction
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Separate spin evolution quantum hydrodynamics is generalized to include the Coulomb exchange
interaction. The Coulomb exchange interaction is considered as the interaction between the spin-
down electrons being in the quantum states occupied by one electron, giving main contribution in the
equilibrium. The generalized model is applied to study the non-linear spin-electron acoustic waves.
Existence of the spin-electron acoustic soliton is demonstrated. Contributions of the concentration,
spin polarization, and exchange interaction in the properties of the spin electron acoustic soliton are
studied.
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I. INTRODUCTION
Spin evolution in quantum plasmas has been consid-
ered for a long time. Fundamental equations of many-
particle spin-1/2 quantum hydrodynamics were derived
in 2001 [1], [2]. They found many applications at the
study of waves and instabilities in spin-1/2 quantum plas-
mas. Among them we find the appearance of the spin-
plasma waves with frequencies near the cyclotron fre-
quency [3], [4], [5], [6]. Later it was demonstrated that
the quantum Bohm potential existing in the magnetic
moment evolution equation shifts the frequency of the
spin-plasma waves [7], [8]. This shift is proportional to
the square of the wave vector. The annihilation interac-
tion between electrons and positrons gives a shift of the
spin-plasma wave frequency on a constant proportional
to the magnetic moment density of the spin-1/2 quan-
tum electron-positron plasmas [8]. Generation of waves
in magnetized plasmas by neutron beams via the spin-
spin and spin-current interactions of the neutron spins
with the spins and electric currents of the electrons and
ions of the plasmas was considered in Ref. [6]. Spin parts
of the hydrodynamic vorticity and helicity of the spin-1/2
quantum plasmas were derived in Refs. [9], [10]. Conser-
vation of the full helicity at the charge-charge and spin-
spin interactions was demonstrated there. Spin parts of
the vorticity and helicity for spin-1/2 electron-positron
plasmas were obtained in Ref. [8]. These phenomena ap-
pear along with the change of properties of well-known
plasma phenomena (see for instance Refs. [11], [12], [13],
[14]).
Different methods of derivation [15], [16] and gener-
alization [6], [17], [18], [19], [20] of the spin-1/2 quan-
tum hydrodynamics were presented in literature. Kinetic
models for the spin-1/2 quantum plasmas were presented
as well [4], [21] (see also reviews [14], [22]). All these mod-
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els consider electrons as a single fluid. It corresponds to
the multi-fluid plasmas, where each species is considered
as a fluid. The Pauli equation allows to find different
form for the spin-1/2 quantum hydrodynamics, where
we have two fluids of electrons: the spin-up electrons and
the spin-down electrons [23], [24], [25]. Early papers [23],
[24] did not show full picture of electron evolution and
partially mistreat coefficients in the spin-spin interaction
force. The separate spin evolution of the electrons, in ac-
cordance with the Pauli equation, was obtained in Ref.
[25].
It was demonstrated in Ref. [25] that the Fermi pres-
sures for the spin-up electrons and the spin-down elec-
trons are different. It leads to existence of new phenom-
ena. The spin-electron acoustic wave was found in Ref.
[25] at wave propagation parallel to the external magnetic
field. Oblique propagation of the longitudinal waves at
the separate evolution of the spin-up electrons and the
spin-down electrons was considered in Ref. [26]. Ex-
istence of two kinds of the spin-electron acoustic waves
(SEAWs) was demonstrated in this regime. Properties of
the SEAWs in two dimensional structures were studied in
Ref. [27]. The SEAWs in the two-dimensional plane-like
electron gas and the electron gas on the cylindric sur-
face were considered in Ref. [27]. Kinetic model of the
SEAWs was considered in Ref. [28], where the Landau
damping of the SEAWs was calculated. It was demon-
strated that the Landau damping of the SEAWs is small.
Therefore, the SEAWs are slowly damping waves.
Spins of electrons affect the plasma dynamics even if
we do not consider spin evolution. It is enough to include
distribution of electrons on different spin states to find a
change in the equation of state. The distribution of elec-
trons on spin states affects the Coulomb exchange inter-
action as well. The exchange interaction was considered
at the first steps of the development of the many-particle
spin-1/2 quantum hydrodynamics [2]. The exchange in-
teraction attracts a lot of attention in recent research (see
for instance Refs. [29]-[34]). This research are grounded
on the long experience of the Coulomb exchange interac-
2tion study [35]-[41], along with recent applications of the
exchange interaction to different plasma phenomena (see
for instance [42], [43]).
In effort to study the influence of the Coulomb ex-
change interaction on the properties of the spin-electron
acoustic waves we develop generalization of the separate
spin evolution quantum hydrodynamics (SSE-QHDs) [25]
containing contribution of the exchange interaction. As
in Ref. [25] we focus our attention on degenerate electron
gas.
In this paper we consider the Coulomb exchange inter-
action, which arises as the interaction between the spin-
down electrons being in the quantum states occupied by
one electron. It is considered in Ref. [30] in terms of
single fluid model of electrons. One of the features of
this paper is the application of the exchange interaction
obtained in Ref. [30] to two-fluid model of electrons [25].
We apply the developed model to the non-linear
SEAWs, particularly to the soliton formation.
Non-linear waves related to the ion-acoustic waves are
still under consideration [44], while this paper is dedi-
cated to non-linear waves related to the recently found
spin-electron acoustic waves [25].
This paper is organized as follows. In Sec. II we
present the QHD model with separated spin-up elec-
trons and spin-down electrons containing the Coulomb
exchange interaction. In Sec. III we describe method of
derivation of the spin-electron acoustic soliton from the
developed in Sec. II model. In Sec. IV we present anal-
ysis of properties of the spin-electron acoustic soliton in
quantum plasmas with no account of the exchange inter-
action. In Sec. V we describe the spin-electron acoustic
soliton with the account of the exchange interaction. In
Sec. VI brief summary of obtained results is presented.
II. MODEL
The Pauli equation is a set of two equations describ-
ing evolution of two wave functions, one is for spin-up
state of electron and another one is for spin-down state of
electron. Therefore, the evolution of system of electrons
can be described in terms of two-fluid model of electrons
with different spin projection. This is called the separate
spin evolution quantum hydrodynamics [25], [45]. Corre-
sponding kinetic model is obtained as well [28]. However
these models are derived in the self-consistent field ap-
proximation. In this paper we make the next step in the
development of the SSE-QHD. We include the Coulomb
exchange interaction in the SSE-QHD.
The time evolution of the concentrations of the spin-up
electrons and the spin-down electrons obeys the continu-
ity equations with nonzero right-hand side
∂tn↑ +∇(n↑v↑) = µe
h¯
(SxBy − SyBx), (1)
and
∂tn↓ +∇(n↓v↓) = −µe
h¯
(SxBy − SyBx), (2)
where n↑ and n↓ (v↑ and v↓) are the particle concen-
trations (the velocity fields) of the spin-up electrons and
the spin-down electrons, µe = −g eh¯2mc is the magnetic mo-
ment of electron, and g = 1 + α/(2pi) = 1.00116, where
α = 1/137 is the fine structure constant, which gets into
account the anomalous magnetic moment of electron, e
(me) is the electron charge (mass), h¯ is the Planck con-
stant, c is the speed of light, B = {Bx, By, Bz} is the
magnetic field. The particle concentrations appear as
the quantum mechanical average of the corresponding
wave functions, which are the elements of the Pauli spinor
wave function, ns = 〈ψ∗sψs〉, with s =↑ or ↓. These con-
centrations are related to the spin-up electrons and the
spin-down electrons separately. It appears in the accor-
dance with the spinor structure of the Pauli equation,
which governs the evolution of the spinor wave function
ψ = (
ψ↑
ψ↓
). Considering the evolution of the upper and
lower elements separately we find the separate descrip-
tion of the spin-up electrons and the spin-down electrons.
The velocity fields v↑ and v↓ appear at the averaging
of the corresponding operators with ψ↑ and ψ↓: vs =
(1/ns)〈(ψ∗spψs + c.c.)/2me〉, where c.c. stands for the
complex conjugation. Equations (1) and (2) contain pro-
jections of the spin density Sx and Sy. Each projection of
the spin density is defined as a mixture of the spin-up and
spin-down wave functions: Sx = ψ
∗σxψ = ψ
∗
↓ψ↑ + ψ
∗
↑ψ↓,
and Sy = ψ
∗σyψ = ı(ψ
∗
↓ψ↑ − ψ∗↑ψ↓). Therefore, these
quantities are not related to different species of electrons
having different spin direction. Sx and Sy describe simul-
taneous evolution of both species of electrons. Equations
of evolution of Sx and Sy were derived in Ref. [25] as a
part of the set of SSE-QHD equations. We do not study
the spin evolution in this paper, so we do not describe
equations for Sx and Sy, which can be found in Refs. [25]
and [26].
From the continuity equations (1) and (2) we see that
the numbers of electrons in each subspecies can change
due to the spin-spin interaction and the interaction of
spins with the external magnetic field. However, the full
number of electrons ne = n↓+n↑ conserves in this model.
In this model we have two Euler equations. We use
the subindex s =↑ or ↓ to present them as one equation
mns(∂t + vs∇)vs +∇ps − h¯
2
4m
ns∇
(
△ns
ns
− (∇ns)
2
2n2s
)
= qens
(
E+
1
c
[vs,B]
)
+ FEx,s
±µens∇Bz + µe
2
(Sx∇Bx + Sy∇By)
± mµe
h¯
(J(M)xBy − J(M)yBx)∓mv↑
µe
h¯
(SxBy − SyBx),
(3)
3where in coefficients ± and ∓ we have the upper sign
for the spin-up electrons and the lower one for the spin-
down electrons. In formula (3) we use qe = −e for the
electron charge, ps for the pressure of the spin-up and
spin-down electrons. We also apply J(M)x and J(M)y
for the elements of the spin current tensor Jαβ . Vectors
J(M)x and J(M)y have the following explicit forms
J(M)x =
1
2
(v↑ + v↓)Sx − h¯
4m
(∇n↑
n↑
− ∇n↓
n↓
)
Sy, (4)
and
J(M)y =
1
2
(v↑ + v↓)Sy +
h¯
4m
(∇n↑
n↑
− ∇n↓
n↓
)
Sx. (5)
The Euler equations (3) describe the momentum evo-
lution complicated by the unconservation of the numbers
of the spin-up and spin-down electrons.
We describe now the physical meaning of different
terms in the Euler equations (3). The first term is the
continual derivative of the velocity field vs. The second
term is the gradient of pressure. The explicit form of the
pressure we present and discuss below. The third term
is proportional to the square of the Planck constant. It
is a combination of the spatial derivatives of the particle
concentration ns up to the third derivative ∇△ns. This
term is called the quantum Bohm potential. It is related
to the wave nature of the electron.
On the right-hand side of the Euler equations (3) we
present the force fields of different nature. The first term
presents the Lorentz force describing the interaction of
charges with the electromagnetic fields. The electric field
contains two parts E = −∇φ − ∂tA/c, where φ and A
are the scalar and vector potentials of the electromag-
netic field. The first of them is the potential part giving
contribution in the longitudinal waves, which we consider
in this paper, and the second one is the vortical part. The
second part of the Lorentz force describes the interaction
of the moving charges with the magnetic field. The sec-
ond term on the right-hand side of the Euler equations
(3) is the exchange part of the Coulomb interaction. The
contribution of the Coulomb exchange interaction in the
separate spin evolution QHD is in the center of attention
of this paper. We discuss its explicit form below.
The third and fourth terms are the parts of the spin-
spin interaction force. The magnetic moments related
to the spin of electrons create the magnetic field. This
magnetic field acts on the magnetic moments of other
electrons and leads to existence of this force in the Eu-
ler equation. In terms of the SSE-QHD this force field
splits on two terms. The first (the second) of them de-
scribes the interaction of the z projection (the x- and y
projections) of the magnetic moments with the nonuni-
form z projection (the x- and y projections) of the mag-
netic field. The last two terms on the right-hand side of
the Euler equations (3) are related to the unconservation
of the numbers of the spin-up and spin-down electrons.
The first of them appears at the derivation of the Euler
equation for the momentum density nsvs. The second of
them arises at the application of the continuity equation
during the extraction of ∂tvs from ∂t(nsvs). Hence, it
is proportional to the right-hand side of corresponding
continuity equation.
Study of the Coulomb exchange interaction in the elec-
tron gas has a long history. Recently, it was shown that
the exchange interaction force field strongly depends on
the spin polarization of the electron gas [30]. Distribu-
tion of the partially spin polarized electrons is depicted
in Fig. 1. This distribution splits the electrons on differ-
ent groups, which demonstrate different exchange inter-
actions. Fig. (1 a) shows two pairs of electrons. We see
a spin-down electron being in a state with energy E ∈
(εFe(up), εFe(down)] interacting with two electrons hav-
ing different spin direction and being in the same quan-
tum state with energy E′ ∈ [0, εFe(up)], where εFe(up) =
(6pi2n0↑)
2/3h¯2/2m, εFe(down) = (6pi
2n0↓)
2/3h¯2/2m. The
strengths of these interactions are the same, but they
have opposite signs. Hence, it gives zero contribution in
the force field.
In Fig. (1 b) we have a similar situation, but a chosen
spin-up electron is in a quantum state with energy E ∈
[0, εFe(up)]. It gives zeroth contribution in the force field
either. If we consider a spin-down electron in a quantum
state with energy E ∈ [0, εFe(up)] we find the same result.
Fig. (1 c) shows the regime giving non zero contribu-
tion in the force field. The regime presented in Fig. (1
c) was considered in Ref. [30]. Here, we have interaction
of two spin-down electrons being in quantum states with
energies E ∈ (εFe(up), εFe(down)]. In this regime the spa-
tial part of the wave function is antisymmetric relatively
permutation of these two particles. We have same sign
of interaction for all such pairs of electrons. It is impor-
tant to underline that this regime involves the interaction
of spin-down electrons only. Hence we should substitute
this force field, found in Ref. [30], in the Euler equation
for the spin-down electrons. This regime gives no contri-
bution in the Euler equation for the spin-up electrons.
The regime of the electron interaction depicted in Fig.
(1 d) describes the electrons having opposite spins and
located in the same quantum state. In this case the
spatial part of the wave function is symmetric relatively
to the permutation of two particles even without addi-
tional symmetrization ψp
i
p
i
(r1, r2) = ψp
i
(r1)ψp
i
(r2) =
ψp
i
p
i
(r1, r2). Therefore, there is no exchange interaction
in this regime.
The force of the exchange interaction of the spin-down
electrons being in quantum states occupied by one elec-
tron was found in Ref. [30]. The result was presented
in terms of the concentration of all electrons, while it
involves the interaction of spin-down electrons only. To
substitute this force in the Euler equation for the spin-
down electrons it is necessary to rewrite the force field
in terms of the spin-down electron concentration. In the
equilibrium state we have the following relations between
the spin polarization η, the spin-up electron concentra-
tion n↑, the spin-down electron concentration n↓, and
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FIG. 1: (Color online) The figure shows the different combi-
nations of pair of the spin-up and spin-down electrons in the
degenerate electron gas giving different contributions in the
collective effect of the Coulomb exchange interaction. In this
figure we apply the Fermi energies of the spin-up and spin-
down electrons: εFe(up) = (6pi
2n0↑)
2/3h¯2/2m, εFe(down) =
(6pi2n0↓)
2/3h¯2/2m.
the full concentration of electrons ne: n↑ = (1 − η)ne/2,
n↓ = (1+ η)ne/2. Applying these formulae we can make
the required representation of the exchange interaction
force:
FEx,↓↓ = ζ3Dq
2
e
3
√
3
pi
3
√
ne∇ne = χq2e 3
√
n↓∇n↓, (6)
where
ζ3D = (1 + η)
4/3 − (1− η)4/3, (7)
and
χ = ζ3D
3
√
3
pi
2
4
3
(1 + η)4/3
= 2
4
3
3
√
3
pi
(
1− (1 − η)
4/3
(1 + η)4/3
)
. (8)
The electromagnetic field presented in the hydrody-
namic equations satisfy the Maxwell equations:
∇E = 4pi(eni − ene↑ − ene↓), (9)
∇B = 0, (10)
∇×E = −1
c
∂tB, (11)
and
∇×B = 1
c
∂tE
+
4pi
c
∑
a=e,i
(qana↑va↑+qana↓va↓)+4pi
∑
a=e,i
∇×Ma, (12)
whereMa = {µaSax, µaSay, µa(na↑−na↓)} is the magne-
tization of electrons in terms of hydrodynamic variables.
We consider the wave propagation parallel to the ex-
ternal magnetic field. Since we consider the longitudinal
waves k ‖ δE we find from equation (11) that the per-
turbation of the magnetic field is equal to zero δB = 0.
Hence the set of SSE-QHD equations (1)-(5) simplifies to
the following set of equations.
We consider interval of the equilibrium concentrations
from n0 = 10
21 cm−3 to n0 = 10
27 cm−3. We drop
the contribution of the quantum Bohm potential, which
reveals itself at larger concentrations.
In this regime we have conservation of the electron
number for both subspecies
∂tn↑ +∇(n↑v↑) = 0, (13)
and
∂tn↓ +∇(n↓v↓) = 0. (14)
The conservation follows from the zeroth value on the
right-hand sides of the continuity equations (13) and
(14).
Simplified Euler equations appear as follows
mn↑(∂t + v↑∇)v↑ +∇p↑
= qen↑E+
qe
c
n↑[v↑,B], (15)
and
mn↓(∂t + v↓∇)v↓ +∇p↓
= qen↓E+ χq
2
e
3
√
n↓∇n↓ + qe
c
n↓[v↓,B], (16)
where we present the explicit form of the Coulomb ex-
change interaction. The magnetic field B in equations
(15) and (16) is the external magnetic field.
The electric field in simplified Euler equations (15) and
(16) is the quasi-static electric field. Hence it obeys the
Poisson equation
∇E = 4pi(eni0 − ene↑ − ene↓), (17)
and the eddy-free condition
∇×E = 0. (18)
In equilibrium state we have ni0 = n0e = n0↑ + n0↓.
Considering quantum spin-1/2 plasmas researchers
usually apply equation of state for unpolarized electrons
punpol =
(3pi2)
2
3
5
h¯2
m
n
5
3 , (19)
see Ref. [46].
One can include the contribution of the spin polariza-
tion of the degenerate electron gas in the pressure in the
single fluid model of the three dimensional electron gas
[2], [30]
pe = ϑ3D(3pi
2)
2
3
h¯2n
5
3
e
5me
, (20)
5where
ϑ3D =
1
2
[(1 + η)5/3 + (1− η)5/3] (21)
is the coefficient describing the spin polarization of the
electron gas.
However, we deal with the separate evolution of the
spin-up electrons and the spin-down electrons. There-
fore, we apply the partial pressure caused by each species
of electrons [25]. Hence, we have
pe↑ = (6pi
2)
2
3
h¯2n
5
3
e↑
5me
, (22)
for the spin-up electrons, and
pe↓ = (6pi
2)
2
3
h¯2n
5
3
e↓
5me
, (23)
for the spin-down electrons. Sum of pe↑ and pe↓ gives us
pe presented by formula (20) if we include the relation
between concentrations n↑ = (1− η)ne/2 and n↓ = (1 +
η)ne/2.
Difference of the spin-up electron concentration and
the spin-down electron concentration ∆n = n0↑ − n0↓
is caused by the external magnetic field. Since elec-
trons are negatively charged their spins have prefer-
able direction opposite to the external magnetic field
∆n
n0
= tanh(µeB0TFe ) = − tanh(
|µe|B0
TFe
), η =| ∆n | /n0e,
where TFe = (3pi
2n0e)
2/3h¯2/2m is the Fermi tempera-
ture in units of energy, so we do not write the Boltzmann
constant.
III. PERTURBATION EVOLUTION
We consider the propagation of the non-linear pertur-
bations parallel to the external magnetic field B = B0ez.
Here, the plane wave soliton propagates parallel to the ex-
ternal magnetic field. Hence it parameters depend on the
single coordinate and we have one dimensional perturba-
tion. We focus our attention on the non-linear waves
related to the SEAWs. We consider ions as the motion-
less positively charged background. To find the soliton
solution we apply the perturbation technic developed by
Washimi and Taniuti in Ref. [47]. This technic is widely
applied in recent research of wave phenomena in plasma
physics. In this paper we apply it to find the spin-electron
acoustic soliton.
In equations (13)-(16) we make transition to variables
ξ and τ defined as follows
ξ = ε
1
2 (z − V t), (24)
and
τ = ε
3
2 t, (25)
where ε≪ 1 is a dimensionless parameter.
Following Ref. [47] we introduce an expansion of the
hydrodynamic parameters on small parameter ε
ns = n0s + εn1s + ε
2n2s, (26)
vsz = 0 + εv1sz + ε
2v2sz , (27)
and
φ = 0 + εφ1 + ε
2φ2, (28)
where φ is the potential of the electric field E = −∇φ.
We substitute formulae (26)-(28) in equations (13)-
(17) In the leading order on the small parameter ε we
find the following relations between the perturbations of
the particle concentrations, the velocity fields, and the
potential of the electric field
v1s =
V
n0s
n1s, (29)
n1↑ =
−en0↑φ1
me(V 2 − U2↑ )
, (30)
and
n1↓ =
−en0↓φ1
me(V 2 − U2↓ )
, (31)
where we have applied the following notations
U2↑ =
h¯2
3m2e
(6pi2n0↑)
2
3 , (32)
and
U2↓ =
h¯2
3m2e
(6pi2n0↓)
2
3 − χe
2
me
n
1
3
0↓. (33)
Below, we find that V 2−U2↑ and V 2−U2↓ have different
signs. Hence perturbations n1↑ and n1↓ have different
signs either.
The Poisson equation in the leading order on ε appears
as
n1↑ + n1↓ = 0. (34)
Substituting formulae (30) and (31) in equation (34)
we find the velocity of the perturbation propagation in-
troduced in formula (24):
V 2 =
1
n0e
(n0↑U
2
↓ + n0↓U
2
↑ ). (35)
We need to find the explicit form of perturbations n1↑,
n1↓, and φ1. To this end, we consider the hydrodynamic
equations (13)-(17) in the next order on small parameter
ε. In this regime we find n2s, v2sz in terms of φ1. We
6FIG. 2: (Color online) The figure presents the spin polariza-
tion dependence of the soliton profile of the spin-down elec-
tron concentration. We present the soliton profile in terms
of Ξd = (n1↓/n0e)/(
√
3U0/vFe), where n1↓ appears at the
substitution of solution (38) in formula (31).
FIG. 3: (Color online) The figure presents the spin polariza-
tion dependence of the soliton profile of the spin-up electron
concentration. Similarly to the previous figure, we present
the soliton profile in terms of Ξu = (n1↑/n0e)/(
√
3U0/vFe),
where n1↑ appears at the substitution of solution (38) in for-
mula (30).
FIG. 4: (Color online) The figure shows the spin dependence
of the square of the dimensionless perturbation velocity w2 in
self-consistent field approximation defined by formula (39).
substitute expressions for the second order perturbations
of the particle concentration n2s in the Poisson equation
∂2ξφ1 = 4pie(n2↑ + n2↓) (36)
obtained from (17) in the second order on ε.
Finally we find equation for the first order perturbation
of the electric field potential
A∂τφ1 + ∂
3
ξφ1 −B∂ξφ21 = 0. (37)
It is the KdV equation. Coefficients A and B are rather
huge. We present and discuss them in Secs. IV and V.
Let us mention that coefficient A is positive A > 0.
Applying the substitution ς = ξ−U0τ we find a soliton
solution of KdV equation (37)
φ1 = −3AU0
2B
1
cosh2(12
√
AU0ς)
. (38)
Parameter U0 is the velocity of the soliton propagation.
From formula (38) we see that the amplitude of the soli-
ton is proportional to the soliton velocity U0, while the
soliton width ∆ is proportional to the inverse square root
of the soliton velocity U0.
We do not consider the ion contribution assuming ions
as motionless. Therefore we have a limit on the perturba-
tion velocity V .It should be larger than the sound veloc-
ity vs: V ≫ vs =
√
me
mi
vFe, where vFe = (3pi
2n0)
1/3h¯/m
is the Fermi velocity. Fig. 4 shows that at large spin
polarization η → 1 the perturbation velocity becomes
rather small vFe ≫ V . In this regime the ion motion is
essential. Therefore, we do not consider η > 0.9 at the
soliton study.
To find the spin electron acoustic soliton we apply a
small perturbation evolution method. Consequently we
have condition for the soliton amplitudes n1s ≪ n0s. this
condition gives restrictions for the velocity of the soliton
propagation. For instance, considering the spin-up elec-
trons we obtain n1↑ ≪ n0↑ ⇒ U0 ≪ me|B|(V
2−U2↑ )
Aeγ↑
.
IV. SPIN ELECTRON ACOUSTIC SOLITON IN
THE SELF-CONSISTENT FIELD
APPROXIMATION
In this section we present the analysis of the existence
and properties of the spin-electron acoustic soliton. To
make this analysis simpler we consider the self-consistent
field approximation. That means we drop the exchange
interaction till the next section.
If we do not consider the exchange interaction we
should drop the second term in the definition of U2↓ (see
formula (33)).
It is useful to represent the velocity of perturbation
V , given by formula (35), in terms of the Fermi velocity.
Hence, in the self-consistent field approximation, we find
V 2 ≡ 13v2Fe · w2 where
w2 =
1
2
(1− η) 23 (1 + η) 23 [(1 − η) 13 + (1 + η) 13 ]. (39)
7Coefficient w2 describes the dependence of the perturba-
tion velocity on the spin state of the electron gas.
Coefficients A and B in the KdV equation (37), in the
self-consistent field approximation, appear as follows
A =
√
3
vFer2De
{
1− η
[w2 − (1− η) 23 ]2 +
1 + η
[w2 − (1 + η) 23 ]2
}
=
√
3
vFer2De
{
1
(1− η) 13 [ 12 (1 + η)
2
3 [(1− η) 13 + (1 + η) 13 ]− 1]2
+
1
(1 + η)
1
3 [ 12 (1 − η)
2
3 [(1− η) 13 + (1 + η) 13 ]− 1]2
}
,
(40)
and
B =
e
me
3
v2Fer
2
De
{
1
2 (1− η)
[w2 − (1− η) 23 ]2
[
1
2
+
w2 + 13 (1− η)
2
3
w2 − (1 − η) 23
]
+
1
2 (1 + η)
[w2 − (1 + η) 23 ]2
[
1
2
+
w2 + 13 (1 + η)
2
3
w2 − (1 + η) 23
]}
, (41)
where rDe = vFe/
√
3ωLe ∼ n−1/60e is the Debay radius.
Coefficients A and B can be written as A = A0 · A˜(η)
and B = B0 · B˜(η), where A0 =
√
3v−1Fer
−2
De and B0 =
3v−2Fer
−2
Dee/me.
We see that coefficient A does not depend on the equi-
librium particle concentration.
The spin-electron acoustic soliton exists at the inter-
mediate spin polarizations. It disappears at η → 0 and
η → 1. Formally it corresponds to A→∞ at η → 0 and
η → 1. Coefficient B becomes infinite B → ∞ at η → 0
and η → 1 either.
At the numerical analysis we consider the spin-electron
acoustic soliton as the perturbations of the particle con-
centrations of the spin-up electrons and the spin-down
electrons substituting solution (38) in formulae (30) and
(31).
The spin-electron acoustic soliton, for in-
stance, for the spin-down electrons, arises
as n1d = n0d(1.5A˜/B˜)(
√
3U0/vFe)[w
2 − (1 +
η)2/3]−1 cosh−2(σ/2∆), where ∆ =
√
vFe/
√
3U0A˜rDe is
the soliton width.
Relative perturbations of the particle concentrations
n1s/n0s are proportional to the velocity of the soliton
propagation U0 in units of the Fermi velocity vFe. Pre-
senting soliton profiles in figures we apply the effective
amplitude Ξs = (n1s/n0e)/(
√
3U0/vFe).
Fig. (2) (Fig. (3)) shows that the particle concentra-
tion perturbations are negative (positive) for the spin-
down (spin-up) electrons. Applying notations accepted
in some areas of the condensed matter physics and optics
we can call the negative (positive) solitonic perturbations
as the dark (bright) soliton.
For the particle concentration n0e = 10
23 cm−3 we
have vFe/
√
3 = 7.9× 107 cm/s. Choosing U0 = 10−8vFe
we obtain n1s = 0.5(1± η)1015Ξs, where Ξs is shown in
Fig. (2) for the spin-down electrons and in Fig. (3) for
the spin-up electrons. Factor 0.5(1 ± η) appears due to
the application of n0e in the definition of Ξs. Figs. (2)
and (3) demonstrate that the soliton width ∆ is of order
of 104rDe = 5 × 10−5cm. Increasing the soliton velocity
U0 we decrease the soliton width ∆. Since the soliton
width ∆ should be larger then the average interparticle
distance ∆ ≫ n−1/30e we obtain that U0 ≪ 10−2vFe and
n1s ≪ 1021 cm−3.
Amplitude of the dark soliton in the subsystem of spin-
down electrons increases with the decrease of the spin
polarization (2). Amplitude of the bright soliton in the
subsystem of spin-up electrons has nonmonotonic depen-
dence on the spin polarization (3). It has the minimum
at the intermediate spin polarization η0 = 0.54. The
amplitude increases at change of the spin polarization
η from η0 towards smaller or larger values. At change
of the spin polarization from η0 = 0.54 to η = 0.1 and
η = 0.9 the amplitude increases from 4 to 6.7 and 8.2
correspondingly.
We present analysis of the soliton characteristics in the
self-consistent field approximation. In the next section
we include the contribution of the Coulomb exchange in-
teraction in the spin-electron acoustic soliton propaga-
tion.
V. CONTRIBUTION OF EXCHANGE
INTERACTION IN SPIN ELECTRON ACOUSTIC
SOLITON
The spin dependence of the Coulomb exchange inter-
action force field in the electron gas is calculated in Ref.
[30]. Significant role of the Coulomb exchange interaction
at rather large spin polarization is demonstrated there.
To underline the fact that, in this section, we consider
the Coulomb interaction beyond the self-consistent field
approximation we present the explicit form of the per-
turbation velocity obtained in Sec. III (see formula (35))
V 2 = n0↑U
2
↓ + n0↓U
2
↑/n0e, where n0e = n0↑ + n0↓, func-
tions U2↑ and U
2
↓ are defined by formulae (32) and (33),
correspondingly.
Coefficient A of the KdV equation (37) at the account
of the Coulomb exchange interaction appears as
A = 2V
{
ω2L↑
(V 2 − U2↑ )2
+
ω2L↓
(V 2 − U2↓ )2
}
. (42)
The exchange interaction between spin-down electrons
being in states occupied by single electron modifies U2↓ .
The account of the Coulomb exchange interaction does
not change sign of A, so we have A > 0.
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cient
B =
e
me
{
ω2L↑
(V 2 − U2↑ )2
[
1
2
+
V 2 + 13U
2
↑
V 2 − U2↑
]
+
ω2L↓
(V 2 − U2↓ )2
[
1
2
+
V 2 + 13U
2
↓
V 2 − U2↓
]
+
ω2L↓
(V 2 − U2↓ )3
1
6
χe2n
1
3
0d
me
}
(43)
reveals in several ways. We find modifications of U2↓ (see
the second term in formula (33)) and V 2 (compare for-
mulae (35)). Moreover, we find an extra term (the last
term in formula (43)) in coefficient B.
Coefficient B is positive in the self-consistent field ap-
proximation BSCF > 0. The dependence of the BSCF on
the electron concentration is located in B0. If we include
the exchange interaction the behavior of the coefficient
B becomes rather complicate. We find a dependence of
B/B0 on the equilibrium electron concentration n0e.
This dependence reveals in properties of the soliton
profile described below. We can track this dependence at
an intermediate spin polarization η′ = 0.5. We see that
coefficient B is positive B > 0 in the regime of rather
large concentrations n0e ∼ 1027 cm−3, which is simi-
lar to the self-consistent field approximation. At n˜0 ≈
5.4 × 1024 cm−3 we find fast increase of B (B → +∞).
After point n˜0 the coefficient B increases from minus in-
finity up to the zero value B = 0 at n′0 = 0.94 × 1023
cm−3. At smaller concentrations the coefficient B is pos-
itive. We see that the coefficient B as a function of the
electron concentration demonstrates the hyperbolic de-
pendence. Since B is in the denominator of the soli-
ton amplitude, the soliton amplitude tents to zero at n˜0.
Hence, the soliton does not exist near this concentra-
tion. At n0e = n
′
0 coefficient B vanishes. Consequently,
the soliton amplitude approach infinity. Therefore, the
perturbation method, we apply to find the spin-electron
acoustic soliton, cannot give any information about soli-
ton behavior near this point.
For the formation of the soliton we need to have waves
with the stable linear spectrum. Hence, we need to have
a positive square of the perturbation velocity given by
formula (35), which is a combination of U2↑ and U
2
↓ . In
the self-consistent field approximation considered in the
previous section the spectrum is stable for all values of
parameters. If we include the exchange interaction sit-
uation changes. Parameter U2↓ contains a negative term
caused by the exchange interaction (see formula (33)).
Therefore, V 2 can become negative. To find areas of
positive V 2 we present Fig. 5. In the left-hand column
we depict V 2, U2↑ and U
2
↓ as the functions of the spin
polarization η at the different equilibrium electron con-
centrations n0e. The lower row of pictures is obtained
FIG. 5: (Color online) The left column on the figure shows
the dependencies ofW 20 = 3V
2(η)/v2Fe (thick black solid line),
W 21 = 3U
2
↑ (η)/v
2
Fe (thin red solid line), W
2
2 = 3U
2
↓ (η)/v
2
Fe
(blue dashed line) at different parameters of the electron gas
(in order from the upper picture to the lower picture we have
n0 = 10
21 cm−3 with the exchange interaction, n0 = 10
24
cm−3 with the exchange interaction, n0 = 10
27 cm−3 with the
exchange interaction, any n0 with no account of the exchange
interaction). In this figureW 2a stands for {W 20 ,W 21 ,W 22 }. The
right column on the figure shows differences of the velocity
squares presented in denominators in formulae (30) and (31)
W 20 −W 21 (red solid line) and W 20 −W 22 (blue dashed line).
In the figure we apply notation W 2s for W
2
1 and W
2
2 . Regimes
for differences W 20 −W 2s in the right column correspond to
the regimes for W 2a in the left column.
in the self-consistent field approximation to provide the
comparison with the results of the previous section.
The results of the previous section show that sign of
quantities V 2 − U2↑ and V 2 − U2↓ define profiles of the
spin-electron acoustic solitons of the concentration of the
spin-up and spin-down electrons. Therefore, we present
these quantities in the right-hand column in Fig. 5.
Fig. 5 shows that at n0e = 10
27 cm−3 results includ-
ing the exchange interaction have small, but noticeable,
difference with the results of the self-consistent field ap-
proximation. Hence, in this regime, we find the soliton
profiles (see the lower row in Fig. 6) similar to the pro-
files found in the previous section (see Figs. 2 and 3).
However, we see the contribution of spin-down electrons
9FIG. 6: (Color online) The figure shows the soliton profiles
for spin-down (the left column) and spin-up (the right col-
umn) electron concentrations for different equilibrium con-
centrations of electrons presented in the figure. We present
the soliton profile in terms of Ξs = (n1s/n0s)/(
√
3U0/vFe),
where n1s appears at the substitution of solution (38) in for-
mulae (31) and (30).
approximately, due to the account of the exchange inter-
action. It reveals in the amplitude of the spin-down soli-
ton. Linear spectrum is stable in this regime V 2 > 0, and
the parameters V 2 − U2↑ and V 2 − U2↓ have positive and
negative signs correspondingly (U2↑ < V
2 < U2↓ ). In this
regime the coefficient B is positive B > 0. Consequently,
we find the dark soliton in the spin-down electron con-
centration and the bright soliton in the spin-up electron
concentration.
Decreasing the equilibrium concentration of electrons
down to n0e = 10
24 cm−3 we find that the spectrum is
stable (V 2 > 0) for all η ∈ [0, 1]. However, relative val-
ues of V 2, U2↑ , U
2
↓ are changed. Velocity U↓ becomes the
smallest of them. So, we have U2↓ < V
2 < U2↑ . Conse-
quently the signs of parameters V 2−U2↑ and V 2−U2↓ are
changed either. In this regime the coefficient B is neg-
ative B < 0. Therefore, we find the dark soliton in the
spin-down electron concentration and the bright soliton
in the spin-up electron concentration.
At n0e = 10
21 cm−3 the linear spectrum becomes un-
stable in the wide range of the spin polarization. We find
the stability interval at η ∈ (0.01, 0.06). In this regime
the coefficient B is positive B > 0. Consequently, in the
area of stability, we find the bright soliton in the spin-
down electron concentration and the dark soliton in the
spin-up electron concentration (see the upper row in Fig.
6).
VI. CONCLUSIONS
Existence of the spin-electron acoustic soliton has been
discovered. Its existence closely related to the spin elec-
tron acoustic waves recently obtained in Ref. [25]. The
SEAW has linear spectrum, so it resembles similarity to
the ion-acoustic wave, but the SEAW has larger frequen-
cies. The balance between the dispersion and nonlin-
earity in the SEAWs of small amplitude allows to form
a soliton solution obtained in this paper and called the
spin-electron acoustic soliton.
To study the non-linear spin-electron acoustic waves
we have developed a generalization of the separate spin
evolution quantum hydrodynamics. This generalization
includes the Coulomb exchange interaction. The ex-
change interaction appears from the interaction of the
spin-down electrons being in the states occupied by one
electron only. This mechanism was considered in the
single fluid model of electrons. In this paper we have
adopted it for the SSE-QHD.
We have considered the spin-electron acoustic soliton
in two regimes. First of all we have considered it in,
rather simple, regime of the self-consistent field approx-
imation. We have found that the spin-electron acoustic
soliton shows itself as the dark soliton of the spin-down
electron concentration and the bright soliton of the spin-
up electron concentration. The soliton shows similar be-
havior for all equilibrium concentrations of electrons.
The second regime of the spin-electron acoustic wave
study includes the Coulomb exchange interaction.
The exchange interaction significantly change proper-
ties of the spin-electron acoustic soliton. Strong depen-
dence of the soliton properties reveals in this regime.
At equilibrium concentration n0e = 10
21 cm−3 we have
found, in opposite to the self-consistent field approxima-
tion, the bright soliton of the spin-down electron con-
centration and the dark soliton of the spin-up electron
concentration, existing in the narrow interval at rather
small spin polarizations η ∈ (0.01, 0.06).
The increase of the equilibrium electron concentration
increases the area of the soliton existence. At n0e = 10
24
cm−3 we have found the existance of the spin-electron
acoustic soliton at η ∈ (0.01, 0.99). At n0e ≥ 1024 cm−3
we have obtained the dark soliton of the spin-down elec-
tron concentration and the bright soliton of the spin-up
electron concentration. It is in the agreement with the
self-consistent field approximation. However, the param-
eters of the soliton at the account of the exchange inter-
action at n0e ∈ [1024, 1027] cm−3 differ from the results
of the self-consistent field approximation.
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